Abstract. In this note, we prove that the Witten genus of nonsingular stringy complete intersections in product of complex projective spaces vanishes.
Introduction
Let M be a 4k dimensional closed oriented smooth manifold. Let E be a complex vector bundle over M . For any complex number t, set Λ t (E) = C|M + tE + t 2 Λ 2 (E) + · · · and S t (E) = C|M + tE + t 2 S 2 (E) + · · · , where for any integer j ≥ 1, Λ j (E) (resp. S j (E)) is the j-th exterior (resp. symmetric) power of E (cf. [1] ). Set E = E − C rk(E) . Let q = e πiτ with τ ∈ H, the upper half plane. Define after Witten ( 
where θ(v, τ ) is the Jacobi theta function (see (2.1) below). By the Atiyah-Singer index theorem, when M is spin,
). Moreover, when M is string or even weaker, when the first rational Pontryagin class p 1 (M ) = 0, the Witten genus ϕ W (M ) is a modular form of weight 2k with integer Fourier expansion (cf. [4] ).
Let V (dpq) be a nonsingular 4k dimensional complete intersection in the product of complex projective spaces Explicitly expanding Θ q ( T M ⊗ C), we get that
Therefore it's not hard to obtain the following corollary from the Main Theorem,
Proof of the main theorem
We will have to apply a theorem on residues in complex geometry to prove the main result. Let's review the relevant concepts and results on residues first. See chapter 5 of [3] for details.
Let U be the ball {z ∈ C s : z < ε} and f 1 , · · · , f s ∈ O(U ) functions holomorphic in a neighborhood of the closure U of U . We assume that the f i (z) have the origin as isolated common zero. Set
The residue of ω at the origin is defined as the following
where Γ is the real s-cycle defined by
Let M be a compact complex manifold of dimension s. Suppose that D 1 , · · · , D s are effective divisors, the intersection of which is a finite set of points.
we may restrict ω to a neighborhood of U P of P and define the residue Res P ω as above. One has (cf. [3] , Chaper 5)
We also need some knowledge on the Jacobi theta functions. The four Jacobi theta functions are defined as follows (cf. [2] ):
where q = e πiτ , τ ∈ C × H, the upper half plane and v ∈ C. They are all holomor-
. They satisfy the following relations (cf. [2] ):
Therefore it's not hard to deduce in the following how the theta functions vary along the lattice Γ = {m + nτ |m, n ∈ Z}. We have
Similarly, we have (2.11)
Now we can prove our Main Theorem:
Proof of the Main Theorem: It's not hard to see that the total Chern class of V (dpq) is (2.14)
.
Therefore the total Pontryagin class of V (dpq) is
Hence we have
The string condition on V (dpq) requires that p 1 (V (dpq) ) = 0. Thus from (2.16) when V (dpq) is string, the following identities hold, (2.17)
Let [V (dpq) ] be the fundamental class of V (dpq) in H 4k (V (dpq) , Z). Then up to a constant scalar, the Witten genus of V (dpq) is
, 1 ≤ q ≤ s and ω = g(x1,··· ,xs)dx1∧···∧dxs f1(x1)···fs(xs)
Then up to a constant scalar,
By (2.9) and (2.10),
and
Thus g(x1+1,··· ,xs) f1(x1+1)···fs(xs) = (−1)
f1(x1)···fs(xs) . Note that
So by (2.17), one has that g(x1+1,··· ,xs) f1(x1+1)···fs(xs) = g(x1,··· ,xs) f1(x1)···fs(xs) . Similarly, we can obtain that
(2.27) Therefore by (2.17), (2.18), Consequently, by (2.25), we obtain that (2.28) g(x 1 + τ, · · · , x s )
Similarly, we can also obtain that (2.29) g(x 1 , · · · , x q + τ, · · · , x s )
, 1 ≤ q ≤ s.
Therefore from (2.22) and (2.29), we see that ω can be viewed as a meromorphic s-form defined on the product of s tori, (C/Γ) s , which is a compact complex manifold. And it's also not hard to see that 0 is the unique intersection point of the polar divisors (f q ), 1 ≤ q ≤ s. Therefore by the residue theorem, we conclude that Res 0 ω = 0. So from (2.20), ϕ W (V (dpq) ) = Res 0 ω = 0. Q.E.D
